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Abstract 

The virtual black hole phenomenon, which has been observed previ- 
ously in specific models, is established for generic 2D dilaton gravity the- 
ories with scalar matter. The ensuing effective line element can become 
asymptotically flat only for two classes of models, among them spherically 
reduced theories and the string inspired dilaton black hole (CGHS model). 

We present simple expressions for the lowest order scalar field vertices 
of the effective theory which one obtains after integrating out geometry 
exactly. Treating the boundary in natural and simple way asymptotic 
states, tree-level vertices and tree-level S'-matrix are conformally invariant. 

Examples are provided pinpointing the physical consequences of vir- 
tual black holes on the (CPT-invariant) S'-matrix for gravitational scat- 
tering of scalar particles. For minimally coupled scalars the evaluation of 
the S'-matrix in closed form is straightforward. 

For a class of theories including the CGHS model all tree-graph vertices 
vanish, which explains the particular simplicity of that model and at the 
same time shows yet another essential difference to the Schwarzschild case. 
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1 Introduction 

Recent years have seen remarkable progress in the quantum treatment of two 
dimensional models of gravity, so-called Generalized Dilaton Theories (GDTs) 
(for a recent review cf. pQ), which include, most prominently, the Schwarzschild 
Black Hole (BH) and the string inspired dilaton BH 0. 

GDTs have been quantized in the last decade mostly by Dirac's canonical 
method |3] and, less frequently, by the path integral technique ^|SJ|S1[71|S]- 
Indeed path integral quantization of a system with no propagating physical 
modes may appear to be something of an overkill, although both formalisms 
encounter essentially the same subtleties, albeit in different disguises. 

However, once matter is switched on the path integral approach to us appears 
to be superior. In addition to purely technical advantages the main reason is the 
much closer relation to genuine physical observables 1 like S'-matrix elements. In 
fact, results like the ones to be discussed in our present note have been derived 
until now exclusively within this theoretical setup 2 [E1C1- 

Especially as a consequence of the nonperturbative treatment of the ge- 
ometric part, achieved in a "covariant Hamiltonian" action, together with a 
specific temporal gauge choice 0HS], rather powerful new tools are available to 
tackle some persistent problems surrounding especially the Schwarzschild BH, 
but with consequences in other situations of General Relativity which can be 
reduced effectively to a two dimensional problem 3 . 

Proceeding along well established paths of quantum field theory, already at 
the level of the (nonlocal) vertices of matter fields, to be used in a systematic 
perturbative expansion in terms of Newton's constant, a highly nontrivial and 
physically intriguing phenomenon can be observed, namely the so-called "virtual 
black hole" (VBH). This notion originally has been introduced by S. Hawk- 
ing but in our recent approach the VBH for spherically reduced gravity 
(SRG) emerges naturally in Minkowski signature space-time, without the ne- 
cessity of additional ad hoc assumptions. The following observations are helpful 
to understand our notion of a VBH: the effective geometry that is obtained after 
taking into account the first nontrivial matter correction in our background inde- 
pendent quantization procedure contains a BH geometry localized on a light-like 
cut (see the Carter-Penrose diagram fig. 13. 21 below). The nontrivial part of this 
geometry looks like a BH geometry in a Rindler background. This type of BH 
is not felt by the asymptotic states but only indirectly via scattering processes 

x By observable we mean "objects to be measured" rather than observables in the formal 
sense of Dirac. Of course the latter play a crucial role in Dirac quantization, but they are 
not necessarily identical to the former. Measuring the angular momentum of an electron 
(which is an observable in Dirac's sense) means to couple it to an external (magnetic) field 
and to calculate a corresponding S'-matrix element which is an observable in the physical sense 
because it can be compared with experiments. 

2 Of course, within the Dirac quantization approach since the seminal work of Kuchaf on the 
quantization of gravitational waves |5| also interesting results with matter have been obtained, 
e.g. in the thin shell approach III where bound states might occur 1111 . 

3 At the quantum level the complications due to the "dimensional reduction anomaly" 1121 
may come into play, but reasonable results for specific questions like the Hawking flux from 
BHs 13 suggest that even these complications may be of limited importance. 



i 



2 TWO DIMENSIONAL QUANTUM GRAVITY WITH MATTER 



(which are encoded in the lowest order vertices to be calculated in this work). 
It can be traced back to a discontinuity in the geometric part of a conserved 
quantity (denoted by C^) which exists in all theories under consideration, eq. 
H3.14J1 below. Thus, whenever has a discontinuity a VBH is present. The 
first discussion in j^j (SRG with in D = 2 minimally coupled scalars) was too 
simple to yield an interesting S-matrix, unless mass terms of the scalar field 
were added. The situation had improved for non-minimally coupled scalars 
where the lowest order S'-matrix indeed exhibited interesting features: forward 
scattering poles, monomial scaling with energy, CPT invariance, and pseudo- 
self-similarity in its kinematic sector [Hj. 

In the present work we extend this analysis to arbitrary GDTs and show 
that the VBH phenomenon is generic. However, for one particular class of 
models, including the in the 2Z?-community well-known CGHS model, no tree- 
level scattering exists. Therefore the VBH phenomenon is not observable there 
(at least at the classical level). This result again pinpoints its special role among 
GDTs and provides a somewhat physical way to explain its simplicity. It also 
confirms that the Schwarzschild BH and the dilaton BH differ essentially. 

In order to make this note self-contained we recapitulate in section [2] some 
basic features of the path integral quantization. Section [3] is devoted to the 
determination of the vertices which are already nonlocal at the tree level, gener- 
alizing previous results on SRG j(il7j to generic dilaton theories (cf. I|2.2J) or (|2.4(l 
below). Although the consequences of these vertices for tree level scattering of 
scalars under the influence of their own gravitational interactions is a classical 
phenomenon, their treatment from an S'-matrix point of view is advantageous. 
Even without an explicit evaluation of special cases the general features can be 
discussed quite broadly (section 

2 Two dimensional quantum gravity with mat- 
ter 

In its first order gravity (FOG) version the GDT action reads 

L = L (FOG) + L (m) ) (21) 

with the geometric part 

L^ FOG) = J [X a D A e a + Xd Aw + eV(X a X a , X)] . (2.2) 

M 2 

Geometry is expressed by the one form zweibeine e a (a = +, — in the local 
Lorentz frame using light-cone gauge) and the one form spin connection oj a b = 
e a bUJ, appearing in the covariant derivative D a t, = 5£d + Lu a b (the volume form 
is denoted by e = \e a b£ a A e b ). The dependence on the auxiliary fields X a and 
the dilaton field X in the potential (using X a X a — 2X + X~) 

V(X a X a ,X) = X + X-U(X) + V(X) (2.3) 
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encodes the models relevant for our purposes. The action l|2.2|) is classically and 
quantum mechanically equivalent jS] to the more familiar general second order 
dilaton action 



L (SOG) = / d 2 x 



-9 



-*f-^W + U(A) 



(2.4) 



For the matter part we choose a (non-minimally coupled) massless scalar held: 

L M = 1 J F(X)d(j>A*d<t>, (2.5) 

with an - in principle arbitrary - coupling function F(X). In practice the cases 
F = const, (minimal coupling) and F oc X (SRG) are the most relevant ones. 
The path integration can be performed using e.g. a "temporal gauge" 

uj q = 0, eo=l, e+ = 0. (2.6) 

It is convenient to introduce comprehensive notations (in accordance with PP) 
for the remaining geometric variables: 

(< Zl , <Z2 ,<73):=(wi,e7,e+), (pi,P2,p 3 ) := (X, X+ , X~) . (2.7) 
In terms of (|2.7|l the action 1|2.1[) can be rewritten as 

Pi 4i + QiP2 - Q3 (V(pi) + U (pi)p 2 P3) 
+F( Pl ) ((d 1( f>)(& ct>) - g 2 (9 o 0) 2 ) ] , (2.8) 
where the gauge condition 12. 6|) has been taken into account. The abbreviations 
$ := i(3 o 0) 2 , $i := ^(d 0( f>)(d 1( p) . (2.9) 



L = I d 2 x 



are suggested by 

The action (|2.8|l is linear in qi. This is also true for the matter action (|2.5|l 
when it is expressed in terms of the variables l|2.7|l and for the source terms for 
qi which are neither included explicitly in (|2.8|l nor in what follows. Therefore, 
the integration over qi can be performed exactly - without the necessity of 
introducing a split of geometry into "background" and "fluctuations" - yielding 
three functional (5-fuctions S(pi — pf), where pf are solutions of the classical 
equations of motion for pi in the presence of external sources. For each specific 
model the pf are given functions of <5> and $i. The three delta functions are 
then used to integrate p, . Retaining only the dependence on the source a of the 
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scalar field the simplified generating functional of Green functions reads 4 

W{a)= [{V(f>)expiL ce , (2.10) 



L 



eff 



2F(pf)$ 1 +£(pf)+a< i 



£(pf) = -~gw'(pf), 



where 



with 



w(pi) 



I(pi 



pi 



exp 



I(y)V(y)dy, 



U(y)dy. 



(2.11) 
(2.12) 

(2.13) 

(2.14) 



Here g plays the role of an effective coupling. It will be fixed below establishing 
the unit of length. Note that pf depends non-locally and non-polynomially on 
$o . In the absence of external sources it is determined by the classical equations 
of motion (e.o.m.) I|3.3|l . (|3.4|l below. 

Up to this point all path integrals have been exact. In the next step the 
quadratic terms in 0, resp. the linear expressions in $o an d are isolated 
in H2.11f> . Terms of higher order in <j> are interpreted as vertices in a standard 
perturbation theory 

A peculiar property of 2D gravity theories is the presence of an "absolute" 
(in space and time) conservation law dC = d(C^ 3 ' + C^ m ') = JS] even when 
matter is taken into account jlfij . Its geometric part only depends on the auxiliar 
fields, resp. pi (cf. I|2.7|l ). The (classical) expression for the latter 



I{Pl)P2P3,+w(pi) , 



(2.15) 



will be needed below with I of Ij2.14|l playing the role of an integrating factor. 
q (a) i s related to the so-called "mass-aspect function" JJ] and becomes simply 
proportional to the ADM mass for asymptotically flat metrics. 

It should be noted that in models l|2.4|l which are connected by a conformal 
transformation 



9^ 



U(X) = U(X)+2p'(X), V = e-' 2p(x ^V{X) , (2.16) 



the combination w(pi) = w{p\) as defined in (|2.13(l is invariant. 



3 Construction of the lowest order tree-graphs 

In the present paper we are interested in the tree level amplitudes and in the 
generic properties of ensuing S'-matrix elements. The final result can be formu- 
lated in a rather intuititive way as explained below. A more rigorous derivation 
can be found in our previous work 00^. 

4 In the present context questions regarding the measure, back reactions and geometric 
source terms are irrelevant. Therefore, the generating functional of Green functions simplifies 
considerably as compared to the exact case 1517111 . 



4 



3 CONSTRUCTION OF THE LOWEST ORDER TREE-GRAPHS 




Figure 3.1: The total -vertex (with outer legs) contains a symmetric con 

4 



tribution Va^ and (for non-minimal coupling) a non-symmetric one . The 



shaded blobs depict the intermediate interactions with VBHs. 

The lowest order vertex from (|2.12() is quartic in <fi. Thus in the notations 
(J2H3) the generic four-point interaction term reads 

V&= J d 2 xd 2 y[v^\x,y)^)My) + V b {4 \x,y)^(x)^ 1 (y) 

+ V c ^(x,y)^ 1 (x)^ 1 (y)] (3.1) 

with some kernels V^ c (x, y). As pf is independent of $i (cf. i|3.3[) . (|3.4|l below) 

it is clear that the interaction term with vi 4 ' never appears in which IS 
graphically represented in fig. 13.11 

In principle could be abstracted directly from (|2.11|) . However, the 
expressions pf = pf($>o) require the solution of three coupled first order dif- 
ferential equations which are nothing else than the classical e.o.m. (|3.3() - (|3.5|l 
below. The geometric quantities qi could be obtained as expectation values. 
Also for them it is much preferable to go back to their (classical) e.o.m. . Then, 

for example, to calculate Va (x, y), one may use the following recipe 0EIEI^3 : 
With the matter distribution localized at a point y 

<5> l {x)=c l 8 2 {x-y) : t = 0,l. (3.2) 

one computes solutions qi(x; Cj, y), Pi(x;Ci,y) of the classical e.o.m. with the 
matter sources given by (|3.2Jl . Recalling that the coefficient in front of $o in 
(J22J is [-2F(p 1 )q 2 ], Va 4 \x,y) simply is given by [-2F(p i (x;c l ,y))q 2 (x;c l ,y)}, 
taken at linear order of cq. The vertex (x, y) can be constructed in a similar 
manner. In fact, for all tree-graph vertices (with 2N outer legs) the knowledge 
of the solutions of the classical e.o.m. with localized matter sources (at N — 1 
different points) is sufficient. 
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3.1 Equations of motion 

The gauge- fixed action l|2.8|l yields the following e.o.m.: 



d P2 
doqi 
doq3 



P2 , 



-2F(pi)# , 
-V(pi) -p2PzU(pi) , 

q3(V'(pi)+P2P 3 U'(p 1 )) - 2F'( Pl )(* 1 - 92 $o) , 

-qi + q3P3U(pi) , 

q3P2U(px) . 



(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 



The system (|3.3ll - H3.8|) can be solved exactly for $o = $1 = 0, as well as for 
localized matter ()3.2|l . Then two patches (a; < y° and x° > y°) must be 
matched by appropriate conditions at x° — y°. The structure of (|3.3|1 - (|3.8|) 
shows that pi,P3, 92, <?3 are continuous, whereas P2,qi may jump at x° = y . 
This yields six conditions relating the "asymptotic" integration constants (x° > 
y°) to the "inner" ones (x° < y°). 

The conditions for the determination of the six asymptotic integration con- 
stants are: 

• Pil^o^oo = x° fixes two integration constants. It implies f^l-ro^oo = 1- 

• Cw| — Coo by 12.15|l yields the constant in ^3. We will choose 
Coo = 0, which corresponds to the ground state - e.g. for SRG which is 
asymptotically flat this condition yields Minkowski space-time. 

• ^Lo^oo = 1 • I(p%) establishes the unit of length. 

• The remaining two integration constants are called rrioo and doo, because 
for SRG they correspond to a Schwarzschild and a Rindler term, respec- 
tively. Both of them enter q2\ x o^ oc - 

It should be noted that not all six integration constants are independent from 
each other: Eqs. (j3.3|l - (|3.8|l are not the complete set of (classical) e.o.m. of 
the model. Without gauge fixing also equations from variation of and ujq 
- the secondary constraints in the Halitonian formalism pQ - must hold. In 
the quantum formalism they appear as "Ward identities" and resemble 13.311 - 
(|3.4|l . but with the d\ derivative replacing do- It turns out that they imply two 
additional independent relations, 



leaving the only non-trivial asymptotic quantity to be m m . Due to our conven- 
tions nioo is negative for a positive BH mass. 

Fixing these integration constants in this manner the global solutions for the 



Cqq tti. 



(3.9) 



G 
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momenta from (|3.3[1 - <|3.5|) to O(co) are 

p 1 =x + 2F(y )(x -y°)h , (3.10) 
p 2 = 1 + 2F(y°)h , (3.11) 

P3 = I-\pi) (moo - 2F(y°)w(y°)h - ^«>(pi)) , (3.12) 
with the abbreviations 

hi = Ci%° - x^x 1 - V 1 ) , i = 0,l. (3.13) 

From now on all quantities will be given only to the required linear order in cq 
and ci . The geometric part of the conserved quantity from l|2.15[) becomes 

C (9) =m M + 2F(y°) (m*, - w(y )) h Q . (3.14) 

Thus, rrioo fixes the asymptotic value of . One can observe already the VBH- 
phenomenon: The discontinuity in ho at x° = y° also carries over to C^ 9 \ Thus 
the VBH is a generic feature of all GDTs. 

The solution for the component q± of the spin-connection is not needed for 
the line element and only d^qi (which can be read off from H3.6(| s | is needed for 
the curvature scalar 5 . The line element in the gauge in l|2.6|l from l|2.7(l only 
depends on the zweibeine q 2 , q 3 which are the solutions of H3.6|1 . H3.7J) : 



q 2 = moo - w( Pl ) - 2(x" - y^F'iy )^ 

+ [4F(y°) (w(x°) ~ w(y )) - 2(x° - y°) (Fw)'\ y0 ] h , (3.15) 

93=/(pi). (3.16) 

3.2 Effective geometry 

The line element (ds) 2 = 2e + ® e~ in the gauge (|2.6|) reads 

(ds) 2 = 2q 3 dx°dx 1 + 2q 2 q 3 (dx 1 ) 2 . (3.17) 
In order to bring it into a more familiar form we define a "radial" variable 

dr = bq 3 (x°)dx°, b e R* , (3.18) 

and a "null coordinate" 

du = b^dx 1 , (3.19) 
thus obtaining the line element in Sachs-Bondi form 

(ds) 2 = 2drdu + K(r, u; r , u Q )(du) 2 , (3.20) 

5 For SRG the curvature scalar can be calculated more elegantly using the Kerr-Schild 
decomposition 
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with the "Killing norm" 6 K(r, u; Vq, uq) = 2b 2 q2qz- 
More explicitly K reads 

K(r, u; r , u ) = K x [l + 2F(y°)U(x°)(x - y°)h } - Ab 2 I(x°)(x° - y°) 
[F(y°) (V(x°)I(x°) + V(y°)I(y )) h + F'(y°) (w(y°)h + hi)] 

+ 8b 2 I(x°)F(y°) (w(x°) - w(y )) h , (3.21) 

with 

= 2b 2 I{x a ) (moo - w(x )) | c=Q . (3.22) 

Its continuity at x° — y° is manifest in l|3.21|l . For SRG in the VBH region a 
Schwarzschild term (proportional to 1/r) and a Rindler term (proportional to 
r) are present in 1)3. 21|) . Their appearance is somewhat surprising because apart 
from fixing the asymptotic boundary values of all geometric quantities we have 
made no assumption whatsoever on the geometry, except for its (Minkowskian) 
signature. 

Depending on I(x°) and w(x°) asymptotic flatness 7 can be achieved for 
which there are two possibilities: 

• I(x°)w(x°)\ c _ Q — const. € M* and linv^oo I(r) cx r Q , with a < 0. 

• I(x°) — const. € K* and linv^oo w(r) tx r a , with a < 0. 

The first scenario is fulfilled for all SRG models arising by reduction from D 
dimensions (F cx X, x° cx r°- 2 , D > 3, A e M*) 

U{X) = -W^2JX> V{X) = -^{D-2){D-'i)X (D - i),{D - 2) , 0.23) 

I(X) = X( 3 - D )/^- 2 ) , w{X)^-^-{D-2) 2 X^ D -^^ D ~ 2 \ (3.24) 

including the CGHS model as the formal limiting case D — > oo, F = const, and 
A cx 1/D pp. The second case applies e.g. when SRG models are transformed 
conformally so that {7 = 0. 

For GDTs the only independent physical geometric quantity is the curvature 
scalar 8 i?( VBH ) = 2(e) _1 e a/3 <9 a w / 3 = — 2q^ 1 doq\ which in terms of the solutions 
H3.16|l and (|3.6(l becomes 

r(vbh) ^_ 2(yl{pi)+p2p3U l{pi)) + 4{I{pi)) -i F > ipi) ($1 _ ?2$o) . (3.27) 

6 The quantities (ro,«o) are related to (y° ,'y 1 ) like (r,u) to (x ^ 1 ). 

7 Statements about asymptotic flatness are in general not invariant under conformal trans- 
formations because in addition to ui-dependence we have dependence on the boundary value 
moo and also dependence on J, a conformally non-invariant quantity. 
For definiteness we assume that the asymptotic region corresponds to x°,r — » oo. 

8 There is a slight subtlety at this point, as there are two possible definitions of the curvature 
scalar (one with torsion, which is the one we are using here and one without torsion): in 
conformal frames where 1^1 the curvature scalar (as defined by the Hodge dual of the 
curvature two form) is not just the second derivative of the Killing norm, because part of the 
geometric information is encoded in the torsion. In the absence of matter one obtains for the 
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One can read off from l|3.27[l that the first term provides a step function at a; = 
y° while the second term yields a contribution 9 S(y° — x°). The latter is absent 
for minimal coupling. If additionally U' = — as for instance in the Katanaev- 
Volovich model |19| - the curvature scalar becomes even continuous. As the cur- 
vature depends on U and V separately it is quite different in conformally related 
theories. 

The Carter-Penrose (CP) diagram of the VBH geometry is 
analogous to the SRG case discussed in ref. [Sj : there will i + 
be a light-like cut where the non-trivial part of geometry 
(namely the VBH) is localized with (5-like contributions 
to the curvature scalar on its end-points. The rest of 
the CP-diagram is determined by (|3.22|1 . For instance, if 
the potentials and the asymptotic mass moo are chosen 
such that Koo is constant, then the CP diagram is given 
by the one for Minkowski space beside the VBH. One can 
simply determine the full CP-diagram by disregarding the 
VBH in a first step (thus drawing an ordinary CP-diagram 
for a line element (|3.2U|I with K being replaced by K^) 
and then simply adding the light-like cut representing the 
VBH. 

As in the previous case one obtains a family of CP- 
diagrams labelled by the endpoint (denoted by y in fig. 
I3.2|l . All these (off-shell) geometries are (continuously) 
summed in the S'-matrix. 




Figure 3.2: CP dia- 
gram of the VBH 



3.3 Symmetric four-point vertex 

To obtain the interaction vertex Va 4 ^ one has 10 to substitute the classical solu- 
tions (|3.10(l - (|3.16(l in the interaction term — F(pi)q2&o(x), truncate it to linear 

curvature as derived from the Killing norm 

R = 2 (V'(pi) + papaU'bn)) - 4—^ , (3.25) 

while curvature as denned as the Hodge dual of the curvature 2-form reads 

R=-2(V'( Pl )+p2p 3 U'( pi )) . (3.26) 

In the absence of torsion (U = 0) both definitions coincide. The torsion 2-form T a is propor- 
tional to the volume 2-form times U(pi)t a with t+ = /(pi) and t~ = — to(pi). 

9 In some models (e.g. all SRG models) an additional (5-like) contribution at the "origin" 
x° = may arise I18| . 

10 Especially at this point it might be convenient to consult section 8 of the review or 
corresponding parts of the original papers I5I6I7| . 
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order in cq, multiply by <I>o(y), and integrate over the space-time. 



x Jy 



(3.28) 



\ ! = -2 i I $ (x)$ (y)9(x° - y^x 1 - y^F^Fiy ) 

(w(x°) - w(y )) - 2(x° - y°)(w'(x°) + w'(y°) 
F'(y°) . 0N F'(x°) , . o, 

This vertex has the following properties: 

• It vanishes for x° = y . 

• It depends only on the combination (|2.13() of U and V in the function 
w(pi); since w(pi) is invariant under conformal transformations also the 
vertex is invariant, if was fixed to the same value in all conformal 
frames. 

• It respects the Z2 symmetry F(p\) — > —F(pi); thus, a change of the sign 
of the gravitational coupling constant (implicitly contained in F(pi)) does 
not change the result for this vertex 11 . 



3.4 Non-symmetric four-point vertex 

An additional vertex arises for non- minimal coupling (F' =/= in (12.511 1: 

Vf } = -4 f f $o(^)$i(j/)5(^ - y l )F{x )F'{ y °) \x° -y°\. (3.29) 

Jx Jy 

It shares the properties with its symmetric counterpart, except for the fact that 
it is even independent of U and V. 

No further vertices appear, unless one adds mass-terms (they yield additional 
vertices as shown in ref. 0) or local self-interactions (which are rather trivial). 



4 S'-matrix elements 

The 5*-matrix element with ingoing modes q, q' and outgoing ones k, k' , 

T(q, q ';k,k') = ^{o\^a^(y^+V b W )a+a+\o) , (4.1) 

depends not exclusively on the vertices (|3.28|) . 13.29fl . but also on the asymptotic 
states of the scalar field with corresponding creation/anihilation operators 
obeying canonical commutation relations of the form [a^~, a^,] oc S(k — k'). 

Their explicit form is model dependent and sensitive to moo. That is why 
from now on we restrict ourselves to general statements rather than calculations 
which have been already rather lengthy in previous work on SRG \J\ . 

11 It is interesting to note that the one-loop quantum effective action for non-minimally 
coupled matter fields respects a different Z2 symmetry 1201 : F(pi) — > F(pi) -1 . 
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4.1 Asymptotic matter states 

The metric extracted from (ds) 2 in (|3.17() at x° — > oo determines the asymptotic 
matter states in the S-matrix. They not only depend on the model but also 
on the value of niac. In this limit the Klein-Gordon equation, expressed by the 
asymptotic form of 52 = "too — w(x ) reads 



d i d o<i> + TTT^nT 9 ^ = 925 O 5 O + q2^rhwd Q - w'(x°)d <P , (4.2) 



If (|4.2I) can be solved exactly and the set of solutions is complete and normal- 
izable (in an appropriate sense) a Fock space for incoming and outgoing scalars 
can be constructed in the usual way. Eq. I|4.2[) is conformally invariant with 
the previous caveat concerning m^. Since the integration constant moo enters 
l|4.2|) the asymptotic states depend on the choice of boundary conditions. 

Most string inspired dilaton models exclusively use minimally coupled scalars 
(F(pi) = const.). In that case (|4.2|l simplifies drastically: 

d Q {d 1 <f>-q 2 d <j>) = Q (4.3) 

Solutions of this equation are outgoing modes 

0out = a,!" exp (ikx 1 ) , (4.4) 



and ingoing ones 



= a k exp ^— ik ^x 1 + J 



dz 



moo - w(z) 



(4.5) 



Using first (|3.18|) and 13.19fl and then the Regge- Wheeler redefinition dt = du + 
dr/Kooir; ro) with given by l|3.22|l one can switch to the more transparent 
(r, t) coordinates. In terms of these we obtain ordinary asymptotic plane waves. 
After defining a properly normalized commutation relation between and 
one can build the Fock space and calculate the S'-matrix using the vertex l|3.28|l 
in complete analogy to 6 where the special case moo = 0, U(p±) — —l/{2p\) 
and V(pi) = const, has been investigated. 

We emphasize that only one vertex is present in the minimally coupled case. 
For the model considered in j^j this has led to the conclusion that one of the 
following three alternatives must hold: 1. the scattering amplitude diverges, 
2. the scattering amplitude vanishes (if the virtual black hole is plugged by an 
ad hoc regularity condition) or 3. the scalar field acquires a mass term, thus 
producing a second four-point vertex. 

Considering non-minimally coupled scalars induces two important complica- 
tions: firstly, the asymptotic Klein-Gordon equation (and hence also the asymp- 
totic states) differs and secondly, an additional vertex l|3.29|l exists. For SRG 
especially the second drawback turned into a virtue, since the scattering am- 
plitude exhibited some very nice features (to start with, it was finite without 
additional regularity conditions as opposed to the minimal case) |7l l21l l5]. 
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4.2 CPT invariance 

Since our effective theory is non-local, CPT-invariance is not guaranteed by the 
CPT theorem 12 [221 • Therefore, possibilities of CPT violation must be explored 
because they could imply a preferred direction of time. 

Indeed, the result obtained for SRC in |5] can be generalized straightfor- 
wardly to arbitrary dilaton models. There is, however, a subtlety: in those 
previous calculations TOqo = was a natural consequence of the asymptotically 
flat metric. Under this assumption, the gauge choice u>q = 0, e$ = — 1, — 
led to some trivial sign changes in intermediate formulae (in particular, ej~ 
flipped its sign) and an overall sign change in the (real) scattering amplitude. 
From this and the fact that C and P act trivially CPT invariance could be 
established. 

In the presence of a non-vanishing integration constant TOqo the question 
arises how to relate its values for different gauges. There is only one way to 
retain CPT invariance: the new value for must be related to the old one 
by m^f T = — Woo. Then (and also the vertices and the amplitude) again 
simply flip their sign. 

The physical interpretation of this treatment of the integration constant is 
model dependent. For asymptotically flat models it means that the space-time 
and its mirror version must have the same ADM mass. For instance, in SRG the 
term l — 2m 00 /r present in the Killing norm has to change into — 1+2(— m Q ^ PT )/r 
and thus m c ^' T — —rrioo; note that the ADM mass is +moo in the first case 
and —m^ T in the second case, so (by construction) it does not change. For 
generic other models no such interpretation seems to be available. 

4.3 Conformal invariance 
4.3.1 General considerations 

As can be seen directly from <|3.27fl the curvature scalar obviously is not in- 
variant under conformal transformations. For GDTs without matter (but with 
coupling to test particles because otherwise geometry is void 13 ) this leads to the 
immediate conclusion that GDTs are not conformally invariant - for instance, 
the global structure can change by conformal transformations because in general 
they have one or more singular points (cf. e.g. |23| and references therein). 

In the present context, however, we do not need test-particles anymore, 
because we have (scalar) matter available to test geometry, e.g. by preparing 
some initial scalar field configuration and measuring the final one 14 . The S- 
matrix describes the physical content of scattering processes. 

Since both the asymptotic states and the vertices depend only on w (a con- 
formally invariant combination of the potentials U and V), F (the coupling 

12 The parent dilaton gravity theory is local but contains singular interactions. 

13 Geometry without test-particles to probe it is like the fiction of "empty space" or the 
fiction of quantum mechanical "observables" without external sources to probe them 1231 . 

14 We note parallels to the concept of "quantum singularities" , where test-particles are re- 
placed by a wavefunction and singularities can be smoothed out 124) . 
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function, which by assumption is not changed by conformal transformations), 
and uioa (the asymptotic mass-scale, which can be fixed to the same numerical 
value in each conformal frame) we can conclude that at tree level to lowest or- 
der in the scalar field conformal invariance exists. Classically one can trivially 
extend this result to the non-perturbative level (cf. eqs. I|2. 11(1 and ((2.12(1 which 
only depend on w'(pi)), but not to 1-loop level because the conformal anomaly 
will destroy this invariance. 

4.3.2 The special role of CGHS 

In the CGHS model (C/qgh s = - 1/X, Vcghs = -2X 2 X, F CG hs = const .) the 
derivative of the quantity ((2.13(1 is constant. Therefore, according to 1(3.28(1 
vanishes. Actually the absence of classical scalar vertices, to be used in 
perturbation theory, extends to arbitrary orders in $o and $i of ((2.9(1 as can 
be verified by inspection of the Lagrangian (|2~TT|) with 1(232) , Thus, nontrivial 
scattering with an arbitrary number of external scalar legs would have to result 
from higher order quantum effects, to be derived e.g. from quantum back reac- 
tion which has not been considered in the simplified path integral 1(2.10(1 . The 
absence of classical scattering from the string inspired CGHS model explains 
its simplicity and, at the same time, questions its status as an emblematic BH 
laboratory relative to all other GDTs (including especially SRC itself) where 
w' (pi) ^ const. 

Obviously this "scattering triviality" extends to a wider class of GDTs with 
minimally coupled scalars: if the potentials Vst and Ust in ((2.21) or ((2.4(1 are 
related by 

Ust(pi)V st {pi) + V&r(pi) = (4.6) 

the crucial quantity w' ST remains constant. As an example of such models the 
"^-family" U = -a/X, V oc X( a+ V [23 can be considered. The triviality 
condition 1(4.6(1 establishes b = 0, containing the class of soluble models studied 
by Fabbri and Russo [2I>|. As can be seen from fig. 3.12 in PP the value b = 
is a critical one for it separates different "phases" of Carter-Penrose diagrams. 

4.3.3 Presence of the VBH phenomenon 

The VBH effect was tied to the appearance of a discontinuity in of ((3.14(1 . 
Again the conformally invariant quantity w, here combined with the constant 
77i oc , plays a central role. By the same token as above the VBH is conformally 
invariant. 

Despite the presence of the VBH in the CGHS model we register the peculiar 
situation that it has no (classically) observable consequences due to "scattering 
triviality" 1(4.6(1 . Thus, scattering non-triviality implies the VBH phenomenon 
but not vice versa. Only for "generalized teleparallel 15 " theories with w(pi) = 
wq = const, the VBH phenomenon will be absent provided moc = wq. 

15 Teleparallcl theories obey U = const., V = while "generalized" refers to arbitrary U(pi) 
but retaining V = 0. 
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5 Conclusion and Outlook 

We have established the existence of the virtual black hole phenomenon for all 
Generalized Dilaton Theories with (scalar) matter, with the notable exception of 
"generalized teleparallel" theories. The corresponding effective geometry H3.20I) 
shows essentially the same features as the previously discussed case of spherically 
reduced gravity |6l7ll%] . The ensuing tree-level S- matrix for scattering of scalars 
is CPT and conformally invariant. For the CGHS model and a class of similar 
ones (|4.6|) where w'(pi) as defined in (|2.13() is constant no tree- level vertices 
with any number of scalar legs are produced. 

One can apply our methods to evaluate the S'-matrix for all models where the 
set of solutions of H4.2J1 is complete and normalizable, i.e. where an asymptotic 
Fock space can be constructed. In some cases the results will be not very illumi- 
nating [B], in other cases they exhibit interesting properties [7||S]. For instance, 
spherically reduced gravity from arbitrary dimension D could be worthwhile 
studying, since on the one hand for D = 4 we already know the result to be 
highly non-trivial and it would be rewarding to verify whether this is generic or 
rather a special feature of D = 4. On the other hand the formal limit D — > oo 
will yield the CGHS model with nonminimally coupled scalars. Moreover, for 
^oo = the Fock space construction is straightforward in these particular cases, 
the asymptotic modes being D-dimensional s-waves. 

Although some of our statements like tree-level conformal invariance and 
"scattering triviality" in certain models are valid for tree- vertices with any num- 
ber of scalar legs, we were concerned mostly with the lowest order of these ver- 
tices f (|3.28|) . I|3.29|l % ). The non-symmetric one vanishes for minimal coupling 
F(pi) = const.. 

The next obvious step at tree-level is a generalization to arbitrary 6-point 
vertices. They will be the first ones to break the Z2-symmetry discussed in 
the paragraph below Ij3.28|l . Loop calculations, which will give insight into the 
nature of the information paradox are in progress. First results for the CGHS 
model are already available: the otherwise trivial specific heat becomes mass 
dependent at 1-loop level 

We conclude this paper by noting that virtual black holes may be significant 
already at the collider energies according to some models (cf. e.g. [23 )• In 
principle, our analysis may be extended even to creation of real black holes at 
future colliders However, in a theoretical analysis one would have to give 
up spherical symmetry, so that a direct application of our approach would no 
longer be possible. 
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